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Abstract 
Sun, S.-H., Noncommutative rings in which every prime ideal is contained in a unique maximal 
ideal, Journal of Pure and Applied Algebr? 76 (1991) 179-192. 
Our rings have identities, ideals are two-sided, and a pm ring is one having the property of the 
title. For commutative rings R the following properties are known to be equivalent: (1) R is 
pm; (2) there is a retraction of the prime spectrum Spec R onto the subspa.ce Max R consisting 
of the maximal ideals; (3) Spec R is normal; (4) R is a Gelfand ring. The first aim of this paper 
is to analyze these conditions for noncommutative rings by showing that (1). (2) and (3) remain 
equivalent for the class of weakly symmetric rings, which we define below, and that (1). (2). (3) 
and (4) remain equivalent for the class of symmetric rings but not fiJr weakly symmetric rings. 
The second main result of this paper is a proof thai the assignment to each ring of the maximal 
ideal space is functorial on the category of weakly symmetric rings satisfying (1) and ring 
homomorphisms. 
Introduction 
In this paper, we always assume that a ring has an identity, and by an ideal we 
mean a 2-sided ideal. A ring possessing the property of the title will be called a 
pm ring. (In a later paper [12], we shall study the rings satisfying the stronger 
conditions that every prime ideai, or every prime right ideal is contained in a 
unique maximal right ideal.) Only commutative pm rings sL:rn to have been 
discussed; for these, DeMarco and Orsatti [2] show the equivalence of 
(1) R is pm, 
(2) the maximal ideal space Max R is a retract of the prime spectrum Spec R, 
(3) Spec R is normal. 
Note that under these conditions, the compact space Spec R need not be I’!, 
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although Max R must be Hausdorff. For commutative rings, Simmons [S] (see 
also [3]) adds a further equivalent condition: 
(4) R is a Gelfand ring (that is, for each pair of distinct maximal ideals M, ,A!!,. 
there are ideals I,,& such that I, ZM,, 1&M, and I,& = 0). 
Our first aim of the present paper is to analyze these conditions for noncom- 
mutative rings, showing 
(a) (4) implies (3), but the converse is false; 
(b) (3) is equivalent to the conjunction of (2) and Hausdorffness of Max R; 
(c) (2) implies (1); 
(d) (l), (2) and (3) remain equivalent for the class of weakly symmetric rings, 
which we shall define below, and which includes, besides commutative rings, the 
symmetric rings introduced by Lambek [6]. and hence all rings without nonzero 
nilpotents. 
Not-necessarily commutative rings satisfying (4) are called strongly harmorzic by 
Koh [5]; they are clearly pm, and we show that 
(e) (1). (2)9 (3) and (4) remain equivalent for the class of symmetric rings, so 
that the symmetric pm rings are precisely the symmetric strongly harmonic rings. 
We shall give some examples below of weakly symmetric pm rings that are not 
strongly harmonic and hence not symmetric-one such is the ring of upp,r 
triangular matrices over the reals. 
The second main result of this paper is a proof that the assignment o each ring 
of the maximal ideal space Max R is functorial on the category of weakly 
symmetric pm rings and ring homomorphisms- although the assignment is not 
functorial in general, even for commutative rings. We shall use the functoriality in 
a later paper [lo] to extend Gelfand duality beyond the case considered by 
Mulvey [7]. 
1. General results 
Recall that a proper ideal P of a ring R is called prime if aRb C P implies that 
either a E P or b E P; and that P is called completely prime if ab E P implies that 
either a E P or b E P. The prime ideals are just the prime elements of the lattice 
Id1 R of all ideals of R; clearly each completely prime ideal is prime, the two 
notions coinciding for commutative rings. 
We write Spec R for the prime spectrum of R, and write Max R and CSpec R 
for the subspaces given respectively by the maximal ideals and the completely 
prime ideals. For each ideal I, we write 0, for the open set consisting of the prime 
ideals not containing I. We write N for the prime radical of R, that is, the 
intersection of all prime ideals; and we write J for the intersection of all maximal 
ideals. 
First we have an elementary lemma. 
Lemma 1.0. Let F be a closed set of Spec R nrln 0 GH orerr set of Spec R satisfvirrg 
0 > (F n Max R); theu 0 > F. 
Proof. Suppose that P E F but $0; then the closure {p} of P is disjoint from 0. 
On the other hand, the intersection { p} n F n Max R is not empty. Cl 
The following proposition improves some results of Koh [5]: 
Proposition 1.1. When R is a s~ong/y harmonic ring. Spec R is normal. 
Proof. First recall from [5, Proposition 2.71 that Max R is compact T,. Now let 
F, , F, be a pair of disjoint closed sets of Spec R: then F, n Max R and FL! n Max R 
are a pair of disjoint closed sets of Max R, and hence are compact subsets of 
Max R. Fix an ME F, nMax R; for each WE F:nMax R, we have I,&‘n/f 
and J,$, j&M such that I,,. J,,, = 0. By the compactness of F2 n Max R, we can find 
a finite number of ideals, say I,, I?, . . . , t,,. J,, J2, . . . , J,,, such that fw E 
0 J,JJ...J,, and F 2 f7 Max R C O(,, +, 2 + . . . +, 1, ) and 1; J; = 0, hence 
(I,+I,+*..+I,,)(J,J,...J,,)=O; 
for this much of this argument, see [5, Theorem 3.21. By Lemma 1.0, we have 
further Fz C Otl,+,,T ...+i,,). Repeating the above procedure, we find ideals I,J such 
that IJ=O, F, cd, and F&O,. El 
Remark. Note that two open sets O,,O, of Spec R are disjoint if and only if IJ is 
contained in the prime radical; so the condition IJ = 0 in the proof of Proposition 
1.1 is a strong one. This observation leads to Theorem 1.3 below which 
strengthens Proposition 1.1. For convenience, let us call Id1 R normal if for each 
pair I, ,I2 E Id1 R with I, + I2 = R, there are ideals J, ,J2 such that I, + J, = R = 
I, + Jz, and J, J2 = 0. (In the forthcoming paper [ 111. we discuss normality for 
quantales; the above is a special case.) 
For the proof, we need to describe the open-set lattice of Spec R. Define 
S : Id1 R- Id1 R as follows: for each ideal I of R, let 
S(I)=r){PESpecR(ICP}. 
It is not hard to check that the image S(Id1 R) is isomorphic to the open-set lattice 
of Spec R. Thus Spec R is normal if and only if for each pair S(I, ).S(I,) E 
S(Id1 R) with S(I, + I,) = R, there are S(J,) E S( Id1 R) such that S(J, + I,) = R = 
S(J, + L) and S(J,)S(J,) c S(0). W e remark that if S(I + J) = R, then I + J = R: 
for if 1 f;r (I + J), then there is a prime ideal P containing (I + J), which implies 
that 19 S(I + J). So we have the following: 
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Lemma 1.2. Spec R is normal if and only if for each pair I, ,I, E Id1 R with 
I, + I? = R ihere are idealc J, ,J? such that I, + J, = R = Iz + J7 and S(J, )S(J,) c 
S(0). a 
Since S( IJ) = S(I) n S(J) > S( I)S(J), we conclude the following: 
Corollary. If Id1 R is normal, so is Spec R. Cl 
That the converse is false follows from Example 2.5 below. 
Theorep 1.3. R is strongly harmonic if and only if the lattice Id1 R is normal. 
Proof. Let R be a strongly harmonic ring and I, ,I? ideals with I, + I2 = R; let 
D, ={PESpecRlP>I;}, i = 1,2. Then these are disjoint closed subsets of 
Spkc R; so, by the Remark above, there are ideals J,, J? such that 0,, 2 D,, and 
JIJz = 0. Now we claim that Ii + Ji = R: if 19 I, + J, , then there is a prime ideal 
P with P 2 I, + J,; this means P E D,, since P > I,, hence P E O,, since O,, > 
D,,, giving the contradiction Pz J, . The converse is clear. Cl 
Remark. We shall use this characterization in [lo] to extend Gelfand duality. 
Another significance of this theorem is that it allows us to redefine the strongly 
harmonic rings and give their sheaf representation using only the prime ideal 
theorem-which is strictly weaker than the axiom of choice-rather than the 
maximal ideal theorem which is equivalent to the axiom of choice; see Theorem 
1.6 below, or for more details, see [lo]. 
Observation 1.4. If p : Spec R + Max R is a continuous retraction and p(P) = M, 
then the closed set p-‘(M) contains {p} and hence any maximal ideal M’ 
containing P; moreover, we then have M’ = p(M’) = M, so that M’ is the unique 
maximal ideal containing P. Thus we have the following: 
Proposition 1.5. R is a pm ring whe. zver Max R is a retract of Spec R. 0 
Recall that Max R is always compact. 
Theorem 1.6. Let R be any ring. Then Spec R is normal if and only if(i) Max R is 
a retract of Spec R and (ii) Max R is Hausdorff. 
Proof. Supose that Spec R is normal. First the Hausdorffness of Max R easily 
follows from the tact that each element in Max R is a closed point. Now we are 
going to show (i). First we note that, without loss of generality, we can assume 
that the intersection N of all prime ideals of R is zero, since Spec R is canonically 
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isomorphic to Sptc(RIN). Now for each P E Spec R, define 
and note that the family FP has the following properties: 
(1) if I, + I? E Fp, then either I, E Fp or I? E F,; 
(2) if lEF,,and ICJ, thenJEF,.. - 
In fact, if I, + I, E FP, then I, + (I, + P) = R by definition; hence there are 
J, , Jz E Id1 R such that J, + I, = R = J? + I? + P and S(J,)S(J,) = 0 by Lemma 
1.2. Moreover, we have either J, c P or J, c P since P is prime; hence either 
I, + P = R or I? + P = R, which implies that either I, E F,, or & E Fp by the 
definition of Fp. (2) is clear. 
Now let 
we see that 1 @ M,, by the above property-that is, M, is proper. Now we show 
that M, is a maximal ideal: if I g M,, then I E F,,; hence I + P = R, which 
implies that I + M, = R. We also note that P c M,, since P$E’ Fp, and that if P is 
maximal. then M, = P. 
Now we define a mapping m : Spec R- Max R by sending each P E Spec R to 
M, E Max R. It remains to show that m is continuous. Let 0, denote the set of 
prime ideals which do not contain I, which is a basic open subset of Spec R. It is 
easy to check that 0, = O,(,, . Let m(P) E 0, n Max R. Then m(P)zI, hence 
2 + P = R, so there are J,, J, such that S(J,)S(J,) = 0, J, + I = R and J, + P = R; 
this means J, ZP. Now we claim that 
OJqGm-‘(0,nMaxR). 
In fact, let P’ E O,,, that is, P’;2IS(J,). Then P’ > S(J,) since S(J, )S(J,) = 0 and 
P’ is prime; which means that P’ + I = R. Hence IE F,, and igm(P’). Thus the 
continuity of m is proved. 
Conversely, let p be a c ontinuous retraction of Spec R onto Max R. For a 
closed subset F of Spec R, we have p(F) = F fl Max R by Observation 1.4. If now 
F, and Fz are disjoint closed subsets of Spec R, we can enclose F, n Max R and 
F2 n Max R in disjoint open sets 0, and 0, of Max R since Max R is compact T,; 
and now p-‘(3,) and ,u-‘(O~) are open and disjoint in Spec R with Fi C 
EL-‘(Oi). 0 
Remark. The above result is a special case of a more general theorem established 
in the author’s forthcoming paper [ 11, Theorem 3.6 and Lemma 3.51. 
Proposition 1.7. For any ring R, if N = J, then the Hausdorffness of Max R 
implies the normality of Spec R. 
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Proof. Let F, JZ be two disjoint closed subsets of Spec R. Then F, n Max R and 
Fz n Max R are disjoint closed subsets of Max R; since Max R is compact T, and 
hence normal. we have open subsets 0, ,O, of Spec R such that the restrictions 
are disjoint open subsets of Max R which contain F, f7 Max R, F, fl Max R, 
respectively. Now the disjointness of 0, and 0, follows from the fact-that N = J 
and Lemma 1.0. Cl 
2. Weakly symmetric rings 
Following Lambek [6], an ideal I of R is called symmetric if abc E I implies 
bat E I. It is clear that an ideal P is completely prime if and only if P is both 
prime and symmetric. A ring is said to be symmetric if a&c = 0 implies bat = 0, 
i.e., 0 is a symmetric ideal [6]. The class of symmetric rings includes all 
commutative rings and all rings without nonzero nilpotents. The following is our 
main definition: 
Definition. A ring R is said to be weakly symmetric if there exists a symmetric 
ideal contained in the intersection N of all prime ideals of R. 
It is clear that each symmetric ring is weakly symmetric. Recall that Mulvey [7] 
calls R a Gelfand ring if it satisfies (4) above with ‘maximal ideals’ replaced by 
‘maximal right ideals’. Note further that every Gelfand ring with J = N must be 
weakly symmetric: since each maximal right ideal of a Gelfand ring is a complete- 
ly prime ideal (see [l] or [7]), so J is symmetric, hence N is. In other words. the 
class of weakly symmetric rings includes. besides commutative rings, symmetric 
rings and those Gelfand rings with J = N. We shall give a group of examples 
which arc weakly symmetric but not symmetric. 
Using a theorem of Lambek that, for each symmetric ideal I of R, the 
intersection of all prime ideals containing I is the same as that of all prime 
symmetric ideals containing I (see [6]), we see that a ring R is weakly symmetric if 
and only if N is a symmetrir b ideal. Since in this case N is the set of nilpotent 
elements. we may call it the nilradical. 
Lemma 2.1. If R is a weakly symmetric pm ring. then Max R is compact T,. 
Proof. Let M, .M, E Max R with M, Z M,. Then the multiplicative system 
S= {a,b, *..a,,_, b,,_,a,,b,, 1 ai#M,, biJZM?q i= 1,2,. . . , tl, n E N) 
must contain 0; for otherwise there would be a prime ideal P which is disjoint 
from S. which implies P c M, n M,. So we can find a ,6, - . - a,,-, b,, _ ,a,$,, = 0, 
whereai&‘14,, b,gM,,i=1,2,..:,n. Then thereareq,z:,i=1,2,...,n- 
1, such that 
d, =~,z,(l’..CI,,_,z,,-,n,,~M, 
and 
d2 = b&b,. . ‘b,,-Iz:,-lb,,&& ’ 
Since a,b, . ..b.,_,n,,b,, = 0 E N. so d,d, E N because N is a symmetric ideal: 
hence for each I’ E R, we have rd,d, E N and so d,rd, E N. giving d, Rd, c N. So 
each prime ideal P which does not contain d, must contain n,. That is. we find 
two disjoint open subsets in Spec R which contain M, and M, respectively. On the 
other hand, for any ring with an identity. Max R is always compact T,. Cl 
By modifying the proof in [2]. we have the following: 
Theorem 2.2. If R is weakly symetric put ring. therl Max R is C;I retract of Spec R. 
Proof. Define r_~ : Spec R ---) Max R by sending each prime ideal P to the unique 
maximal ideal containing it. We shall prove that p is continuous. For a closed 
subset 3 of Max R, we have to show that p-‘(s) is closed in Spec R. 
PutF=n{M]MET}andI=n{PESpecR[~PE=7;}:wehavetoshow 
that if P > I and P E Spec R, then PUP E 3. We first observe that if Q is a prime 
ideal and Q c B = U {M 1 M E g}. then the unique maximal ideal containing Q 
is in 5. In fact, Q + F C B, hence there exists a maximal ideal M 2 Q + F. Since 
M > F and .9 is closed, so M E 3; on the other hand. M is the unique maximal 
ideal containing Q. 
Now let P be a prime ideal of R and P__ 7 I: we will show that P contains a 
prime ideal Q contained in B, since P and Q have the same unique maximal ideal. 
Consider any finite set of elements s; @?, i 5 12. and any t ~ P; since P > 1. there 
exists P’ E p-‘(3) such that t$E’P’, and since each s,@” (because P’ & h2). 
there exist zi,z~ E R, i I tl, j 5 11 - 1, such that 
s,z,tz;s,z,tz: - - * z:,_,s,,z,,t,$P’ 9 __ - 
hence 6 I. Now the multiplicative system 
{s,t,s,t, ’ * w,, I s,,@-. CF. i I II, 11 is a natural number: _ _ 
does not contain 0. Otherwise, we have s, t,s2t2 - - - s,,t,, = CL s, $ B. t, F P. Then 
there are c, E R, i 5 rl - 1, such that 
t = t,c,t,c, - - ’ t,r_,C,,_,t,lgP. _ - 
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moreover, there also exist z;,zj E R, i I n, j I n - 1, such that 
s,z,tz;s,z,tz; * - l z:,_ ,S,J,,tgl ; 
hence $Z N. On the other hand, s,t,s,t, l - - ~,,t,, = 0 E N, Si JZB, Ci $ZP implies 
which gives a contradiction. Since the above multiplicative system does not 
contain 0, we have a prime ideal Q which is disjoint from the system; in 
particular, Q _ c p n B. The continuity of p is proved. 0 
By combining this with Theorem 1.3, we immediately have the following: 
Corollary. If R is a weakly symmetric pm ring, then Spec R is normal. Cl 
Thus we have the following theorem: 
Theorem 2.3. Let R be a weakly symmetric ring. Then the following are equiv- 
alent: 
(1) R is pm. 
(2) Max R is a continuous retract of Spec R, 
(3) Spec R is normal (not necessary T, ), 
and these imply the Hausdorffness of Max R. 0 
Theorem 2.4. Let R be a symmetric ring; then R is pm if and only if R is strongly 
harmonic. 
Proof. Suppose M, ,iV, E Max R with M, # M, and ab Z 0 for each aeM, and 
b $M,; then the multiplicative system 
(a,b,@,- - ’ anbr~ I ai FM,’ 
does not contain 0 since R is symmetric . Hence there exists a prime ideal P which 
is disjoint from it, so P c M, n M, since R has an identity, which contradicts the 
assumption that R is pm. So there are a$M, and be M, such that ab = 0, hence 
aRb = 0 since R is symmetric. The converse follows from Proposition 1.1 and 
Theorem 2.3. 0 
Remark. The following example shows that the above conclusion does not hold 
for weakly symmetric rings. 
Example 2.5. Let R be the ring of all upper triangular 3 x 3 matrices over the reals. 
Then R is a weakly symmetric pm ring but not a strongly harmonic ring. 
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Proof. First we define, for k = 1,2,3, 
It is not hard to check that each M, is a maximal ideal of R, and that these are the 
only maximal ideals of R (in fact, the only maximal right ideals). Let 
p(O) = {A E R 1 the diagonal elements are zero} , 
and let Zij denote the matrix whose (i, j)-entry is 1 but all other entries are zero. 
Then we have IjjRIij = 0 whenever i #i, so that I;j is in each prime ideal of R; 
whence for any prime ideal P of R, we have p(O) C P. Furthermore, since P is 
proper, some Ii,. e P. If, say, I,, 6 P, then I J33 E P since I,,& C p(O) G R 
k = 1,2; hence P = M,. Thus we have shown that each prime ideal is a maximal 
ideal, hence R is pm. Since B(0) is a symmetric ideal, so R is weakly symmetric. 
Now we show that R is not strongly harmonic: in fact, for each A = (a;j) @Ml and 
B = (bij)~Mz, we see that a,, #O and bz2 #O, hence AI@ ZO; thus, ARB Z 0, 
and R fails to be strongly harmonic. Cl 
More generally, let R be the ring of all upper triangular n X n matrices, where 
n 2 2, over a ring Q (with an identity, as usual). Then we have the following: 
Proposition 2.6. (1) R is not symmetric. 
(2) If Q is weakly symmetric, then R is weakly symmetric too. 
Proof. To show (l), it suffices to note that 
but 
0 1 ( > 0 1 x 1 0 ( > o o =o. 
To show (2) let P be a prime ideal of Q. Then for each k I n, 
Pk(P) = {A = (aij) 1 a:._k E P} 
is a prime ideal of R. Furthermore, each prime ideal P of R can be expressed in 
this way: First note that IiiRIji c p(O) G P whenever i # j; then supposing that 
I,, e P, we want to show that 
PICp> = ta*, I A = ('ij) E ‘1 
188 S.-H. Sol 
is a prime ideal of Q: In fact, let aQb C r_~, (I’); then 
4 1 w I = (aQb)L, + p(O) & P . 
whence either al,, G P or bl,, & P, that is, either a E p,(P) or b E p,(P). Now let 
N be the nilradical of Q; then P(N) = {A 1 the diagonal elements of A E N) is 
contained in each prime ideal of R. It remains to show that P(N) is a symmetric 
ideal: Let ABCE P(N). Then for each i 5 cz, uj(A)~#?),u,(C) 2 N, where 
pi = {ai, E Q 1 A = (aii) E I}; hence ~i(B)~~(A)Cci(C) E N since N is symmet- 
ric. Thus we obtain BAC E P(N). Cl 
Let Q be any ring and R, be the ring of n x n triangular matrices over Q, n 2 3, 
such that all the elements on the diagonal are equal. Then R, has similar 
properties to R; such as, if Q is a weakly symmetric ring (with an identity), then R 
is weakly synnetric but not s:jmmetric. 
When Q is thz field of real numbers. p(O) is the greatest proper ideal; hence it 
is the unique prime ideal and R, is a local ring. 
3. Functorality 
Now we wish to prove that the assignment o each weakly symmetric pm ring R 
of the maximal ideal space Max R determines a functor. First we prove that any 
minimal prime ideal of R is completely prime if R is weakly symmetric. In fact, 
since the prime radical N of R is a symmetric ideal, it is also the intersection of all 
prime symmetric ideals; i.e., the intersection of all completely prime ideals of R. 
Hence N is just the set of all nilpotent elements of R, whence R/N is a ring 
without any nonzero nilpotents. Thus by a theorem of Koh [4], saying that each 
minimal prime ideal of a ring without nonzero nilpotents is completely prime, we 
see that each minimal prime ideal of a weakly symmetric ring R is completely 
prime; for the poset of prime ideals of R is canonically isomorphic to that of all 
prime ideals of R/N. (We also conclude that a ring R is weakly symmetric if and 
only if R/N is a ring without nonzero nilpotents.) Thus we have the following: 
Lemma 3.1. Let R be a weuklv symmetric ring. Then each minimal prime ideal of 
R is completely prime. Cl 
Corollary. If R is a symmetric ring, then each minimal prime ideal is completely 
prime. Cl 
Now we shall prove that any ring homomorphism 
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determines a continuous mapping 
p;MaxR,+MaxR,. 
In general, the inverse image of a maximal ideal under a ring homomorphism 
need not necessarily determine a maximal ideal: for rings which are not commuta- 
tive, the inverse image need not be a prime ideal. However, every inverse image 
of a maximal ideal of a weakly symmetric ring does contain a (completely) prime 
ideal, so it determines a unique maximal ideal. By using Lemma 3.1 and the 
known fact that for each ideal I of a ring R there exists a prime ideal which is 
minimal among those prime ideals containing I, we have the following: 
Lemma 3.2. For a symmetric ideal I of R, the prime ideal P which is minimal 
among those prime ideals containing I is completely prime; hence if R is weakly 
symmetric, then every prime ideal contains a completely prime ideal. 
Proof. Since RI1 is a symmetric ring and PII is a minimal prime ideal of R/I, the 
ideal PII is completely prime by the Corollary of Proposition 3.1; this means that 
P itself is completely prime too. Cl 
Now for each prime ideal P, we write Q,, for the union of all completely prime 
ideals which are contained in P. Then by using Lemma 3.2, we have the following 
lemma: 
Lemma 3.3. Let P be a prime ideal of ,I weakly symmetric ring R. Then every 
symmetric ideal contained in P is contained in Q i, ; hence each ruiion of symmetric 
ideals contained in P is contained in Qr . 0 
Now we consider the set Qcp R 
ideals which are contained in some 
taking as a subbasis the set 
of all nonemptv unions of completely prime 
proper ideal. I?efine a topology on Qcp R by 
{O,(EIdlR}, 
where 
The subspace CSpec R consisting of all completely prime ideals of R has exactly 
the usual hull-kernel topology. 
Proposition 3.4. The assignment rc/ to each prime ideal P of the rrniort Qr of all 
completely prime ideals contained in it is a contimrords mapping from Spec R to 
Qcp R. 
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Proof. Let 9 be a closed subset of QcpR; put F=n{QIQE%} and I= 
n{PIQ$E$}. We have toshow that if PXand PESpecR, then Q&4. - 
First we note that F 6 I and that F. as the intersection of union; of prime 
symmetric ideals, is a union of symmetric ideals. Now each prime ideal P 
containing I contains F since PC C I hence Qp > F by Lemma 3.3; so we have 
QP E 9 since 9 is closed. Thus the ,roof is completed. Cl 
Corollary. The assignment $ to each maximal ideal M of the union Q,,, of all 
completely prime ideals contained in M is a continuous mapping from Max R to 
Qcp R. Cl 
If R is pm, then the above mapping $ is injective since each prime ideal is 
contained in a unique maximal ideal. Moreover, by extending Theorem 2.2, we 
shall prove that the mapping sending each Q E Qcp R to the unique maximal 
ideal containing it is a continuous mapping from Qcp R to Max R, the restriction 
of which is the continuous inverse of 1,9. 
Theorem 3.5. If R is a weakly symmetric .pm ring, then the mapping sending each 
Q E Qcp R to the unique maximal ideal containiK y it is continuous. Hence the 
restriction is the continuous inverse of $I. 
Proof. Define p : Qcp R + Max R by sending each element Q E Qcp R to the 
unique maximal ideal containing it. We shall prove that p is continuous. For a 
closed subset 9 of Max R, we have to show p- ‘(9) is closed in Qcp R. Put 
F=n(M)E~}andI=n(PESpecRI~PE~};bynotingthat,if~(Q)= 
p(U Pi) E g, then each &I-‘;) E 9, we have I = n (P E CSpec R I p(P) E 9}. 
Now for Q 2 I and Q E Qcp R, we have to show that PQ E 9. Just as in the 
proof of Theorem 2.2, we try to find a prime ideal P which is contained in Q fl B: 
For any finite set of elements si eB, i = 1,2, . . . , n, and any t$Q, because 
Q > I, there exists P’ ~CSpec R n p-‘(9) such that #P’; and since each 
Si $ZP’ (because P’ c S), we have 
s,s, - - l s,,@P , 
and hence 9 I. So the multiplicative system 
{s,t,s7t, - * - - l s,,tn I si F’By ti F'QT i 5 n, n is a natural number} 
does not contain 0. Otherwise, there exists s,t,s,t, l - - s,,t,, = 0, sifz B, ti $E’Q, _ _ 
i=1.2,... ,n; hence t= t,t,- t,, J$ Q since Q is a union of completely prime 
ideals and s,s, l . . s,,t E N C, I since N is symmetric, which is a contradiction. 
Therefore, we- have a prime ideal P which is disjoint from the system; in 
particular, P C Q f~ B. The continuity of p is proved. 0 
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Corollary. Max R is embeddable in Qcp R . Cl 
Proposition 3.6. Let f : R, + R be a ring homomorphism; then 2 
4 =f-’ : Qcp R?-,Qcp R, 
is a continuous mapping. 
Prsof. First we note that C/I sends each completely prime ideal of R, to a 
completely prime ideal of R, , and hence sends each union of completely prime 
ideals of R, to a union of completely prime ideals of R, . Thus we have shown that 
4 is well defined. 
Now for each nonempty open set 0, of Qcp R, , we will show that 4-‘(0,) is 
an open set of Qcp Rz: 
By Theorem 3.5, we can identify Max R with a subspace of Qcp R. Now for 
each ring homomorphism _f : R, ---) R,, put 
The induced mapping p from Max RX to Max R, is continuous by Theorem 3.5 
and Proposition 3.6 above. Furthermore, this determines a functor from the dual 
of the category of weakly symmetric pm rings and ring homomorphisms IO the 
category of compact Hausdorff spaces and continuous mappings. Cl 
Theorem 3.7. The assignment to each weakly symmetric ring of the maximal ideal 
space Max R is functorial on the category of weakly symmetric rings and ring 
homomorphisms. 
Proof. Let 
be ring homomorphisms. We have to show that 
q,,=pfp,:MaxR,-MaxR,; 
equivalently, 
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In fact, for each M E Max R, p2g-‘J13(A4) is the unique maximal ideal containing 
g - l&(M), which is a union of completely prime ideals, and $+,g- ‘&(M) is the 
union of all completely prime ideals contained in )u&‘&(A~), so that 
hence 
Now the conclusion follows from the fact that R, is pm. Cl 
Remark. We shall use above result, in a somewhat generalized form in [lo], to 
extend Gelfand duality beyond the case considered by Mulvey [7]. 
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